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Abstract
We suggest a certain type of conformal n-point function of scalar primaries where the
scalar operators share the same scaling dimension. The conformal correlation functions
are obtained in momentum space, and we show that they satisfy the conformal Ward
identities.
Introduction and motivation There are some of literatures appearing these days study-
ing conformal correlation functions in momentum space[1, 2, 3]. The motivation for such a
study may be two-folds. First, if one analyzes the correlation functions in momentum space,
it may be possible to interpret them in Feynman-like diagrammatic ways. For each vertex
point, momentum conservation must be hold and so one can see the flows of momenta to
inward and(or) outward of the vertex. The second motivation is holography. In many of the
holographic computations, they perform Fourier transform from position space to momentum
space in conformal boundary of the AdS space. In many cases the holographic correlation
function contains differential operators acting on the boundary fields in it. Sometimes, they
are non-local, showing the differential operators in the denominator of the correlation function.
In such cases, the expression may be more clear in momentum space.
In this note, we claim that in d-dimensional Euclidean space, for a scalar operator O∆(p)
whose conformal dimension is ∆ = d+1
2
, the following object becomes a n-point correlation
function of those operators:
〈O∆(p1)O∆(p2)...O∆(pn−1)O∆(pn)〉 =
1(∑n−1
i=1 |pi|+
∣∣∣∑n−1j=1 pj∣∣∣)(n−1)d−n2 (d+1)
, (1)
where pn = −
∑n−1
j=1 pj for momentum conservation. In the rest of this note, we prove this
claim.
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A momentum space correlators of scalar primaries Now, we suggest a form of the
conformal correlation function of scalar primaries which share the same scaling dimension, ∆.
We consider an object being given by
Φ(p1, p2, ..., pn−1; pn) =
1(∑n−1
i=1 |pi|+
∣∣∣∑n−1j=1 pj∣∣∣)α , (2)
where the |pi| ≡
√
piηpiγδηγ(the index i is not summed) is the absolute value of the Euclidean
momentum piη, the Greek super(sub)scripts represent the spatial indices of the momenta piη
and δηγ = δ
ηγ = δηγ . The α in the exponent is a real number and the index i is for labeling of
the n-different momenta pi. Again, pn = −
∑n−1
i=1 pi, so we have n − 1 independent momenta
in it due to momentum conservation.
Since the expression is a function of the absolute values of the Euclidean momenta, it is
translation and rotational invariant. Now, we check if this object transforms appropriately
under dilatation and special conformal transformations. Dilation Ward identity is given by
DΦ(p1, p2, ..., pn−1; pn) = 0, (3)
where
D =
n−1∑
j=1
p
η
j
∂
∂p
η
j
+ ∆¯, (4)
where the Greek indices are contracted by the Kroneker’s δ that we introduce above. The ∆¯
is
∆¯ = −
n∑
i=1
∆i + (n− 1)d. (5)
We are interested in a case that all the ∆i = ∆ are the same. When one applies the operator
D to the Φ(p1, p2, ..., pn−1; pn), then one gets
DΦ(p1, p2, ..., pn−1; pn) =
{−α− n∆+ (n− 1)d}
uα+1
, (6)
where
u =
n−1∑
i=1
|pi|+
∣∣∣∣∣
n−1∑
j=1
pj
∣∣∣∣∣ . (7)
The last step is to check if the Φ(p1, p2, ..., pn−1; pn) satisfies special conformal Ward identity.
The special conformal Ward identity in momentum space is given by
KkΦ(p1, p2, ..., pn−1; pn) = 0, (8)
where
Kκ =
n−1∑
j=1
{
2(∆j − d)
∂
∂pkj
+ pκj
∂2
∂p
η
j∂p
η
j
− 2pηj
∂2
∂p
η
j∂p
κ
j
}
(9)
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and we request ∆j = ∆ for all the j-index. Application of the operator, K
κ to the Φ(p1, p2, ..., pn−1; pn)
results in
KkΦ(p1, p2, ..., pn−1; pn) =
1
uα+1
n−1∑
j=1
pκj
|pj|
(d− 2∆ + 1)α (10)
+
1
uα+1
∑n−1
j=1 p
κ
j∣∣∣∑n−1j=1 pj∣∣∣ {2(d−∆)(n− 1)− d+ 1− 2(α+ 1)}α.
Therefore, we have three algebraic conditions from (6) and (10), under which the Φ(p1, p2, ..., pn−1; pn)
becomes a conformal correlation function. The conditions that the Φ(p1, p2, ..., pn−1; pn) needs
to satisfy are
• −α− n∆+ (n− 1)d = 0,
• (d− 2∆ + 1)α = 0,
• {2(d−∆)(n− 1)− d+ 1− 2(α+ 1)}α = 0.
Possible solution The three algebraic equations are not independent one another. In fact,
the two of them are linearly independent. The possible solution is
• For a given the spatial dimension d, one can consider a scalar opertor O∆(p) with ∆ =
d+1
2
. A possible n-point correlation function of the operators is a form of (2) with α =
(n− 1)d− n(d+1)
2
.
Examples
• Holographic computations of two point function of scalar operators by employing con-
formally coupled scalar in AdS space as a gravity dual is given by
〈O∆(p1)O∆(−p1)〉 = C2|p1|, (11)
where the scaling dimension of the operators is ∆ = d+1
2
for a constant C2[4, 5, 6]. This
also can be obtained from the general expression of the conformal two point function in
momentum space given in [1].
• In d = 3, for a scalar operator with scaling dimension ∆ = 2, holographic computations
of four point function by using conformally coupled scalar in AdS4 as a gravity dual has
a form of
〈O∆(p1)O∆(p2)O∆(p3)O∆(−p1 − p2 − p3)〉 =
C4(∑3
i=1 |pi|+
∣∣∣∑3j=1 pj∣∣∣) , (12)
upto some constant C4[4].
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• In d = 5, for a scalar operator with scaling dimension ∆ = 3, holographic computations
of three point function obtained from its a gravity dual, conformally coupled scalar in
AdS6 has a form of
〈O∆(p1)O∆(p2)O∆(p3)〉 =
C3(∑2
i=1 |pi|+
∣∣∣∑2j=1 pj∣∣∣) , (13)
upto some constant C3[7]. This also can be obtained from the general expression of the
conformal three point function(so called K-triple integral) in momentum space given in
[1].
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